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Abstract The development of new tests and methods used in the evaluation of time
series forecasts and forecasting models remains as important today as it has for
the last 50 years. Paraphrasing what Sir Clive W.J. Granger (arguably the father of
modern day time series forecasting) said in the 1990s at a conference in Svinkloev,
Denmark, ‘OK, the model looks like an interesting extension, but can it forecast
better than existing models.’ Indeed, the forecast evaluation literature continues to
expand, with interesting new tests and methods being developed at a rapid pace. In
this chapter, we discuss a select a group of predictive accuracy tests and model se-
lection methods that have been developed in recent years, and that are now widely
used in the forecasting literature. We begin by reviewing several tests for comparing
the relative forecast accuracy of different models, in the case of point forecasts. We
then broaden the scope of our discussion by introducing density-based predictive
accuracy tests. We conclude by noting that predictive accuracy is typically assessed
in terms of a given loss function, such as mean squared forecast error or mean ab-
solute forecast error. Most tests, including those discussed here, are consequently
loss function dependent, and the relative forecast superiority of predictive models is
therefore also dependent on specification of a loss function. In light of this fact, we
conclude this chapter by discussing loss function robust predictive density accuracy
tests that have recently been developed using principles of stochastic dominance.
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Part I: Forecast Evaluation Using Point Predictive Accuracy
Tests

In this section, our objective is to review various commonly used statistical tests
for comparing the relative accuracy of point predictions from different econometric
models. Four main groups of tests are outlined: (i) tests for comparing two non-
nested models, (ii) tests for comparing two nested models, (iii) tests for comparing
multiple models, where at least one model is non-nested, and (iv) tests that are con-
sistent against generic alternative models. The papers cited in this section (and in
subsequent sections) contain references to a large number of papers that develop
alternative related tests.

Of note is that the tests that we discuss in the sequel assume that all competing
models are approximations to some unknown underlying data generating process,
and are thus potentially misspecified. The objective, this is to select the “best” model
from amongst multiple alternatives, where “best” refers to a given loss function, say.

1 Comparison of two non-nested models

The starting point of our discussion is the Diebold-Mariano (DM: [1]) test for the
null hypothesis of equal predictive accuracy between two competing models, given
a pre-specified loss function. This test sets the groundwork for many subsequent
predictive accuracy tests. The DM test assumes that parameter estimation error is
asymptotically negligible by positing that the number of observations used for in-
sample model estimation grows faster than the number of observations used in out-
of-sample forecast evaluation. Parameter estimation error in DM tests, which are
often also called DM-West tests, is explicitly taken into account of in [2], although
at the cost of requiring that the loss function is differentiable.

To fix ideas and notation, let ui,t+h = yt+h− fi(Zt
i ,θ

†
i ) be the h-step ahead forecast

error associated with the i-th model, fi(·,θ †
i ), where the benchmark model is always

denoted as “model 0”, i.e. f0(·,θ †
0 ). As θ

†
i and thus ui,t+h are unknown, we construct

test statistics using θ̂i,t and ûi,t+h = yt+h− fi(Zt
i , θ̂i,t), where θ̂i,t is an estimator of

θ
†
i constructed using information in Zt

i from time periods 1 to t, under a recursive
estimation scheme, or from t−R+1 to t, under a rolling-window estimation scheme.
Hereafter, for notional simplicity, we only consider the recursive estimation scheme,
and the rolling-window estimation scheme can be treated in an analogous manner.
To do this, split the total sample of T observations into two sub-samples of length
R and n, i.e. T = R+ n, where only the last n observations are used for forecast
evaluation. At each step, we first estimate the model parameters as follows,

θ̂i,t = argmin
θi

1
t

t

∑
j=1

q(y j− fi(Z
j−1
i ,θi)), t ≥ R (1)
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These parameters are used to parameterize the prediction model, and an h-step-
ahead prediction (and prediction error) is constructed. This procedure is repeated
by adding one new observation to the original sample, yielding a new h-step-ahead
prediction (and prediction error). In such a manner, we can construct a sequence of
(n− h+ 1) h-step ahead prediction errors. For a given loss function, g(·), the null
hypothesis of DM test is specified as,

H0 : E(g(u0,t+h)−g(u1,t+h)) = 0

against
HA : E(g(u0,t+h)−g(u1,t+h)) 6= 0

Of particular note here is that the loss function g(·) used for forecast evaluation may
not be the same as the loss function q(·) used for model estimation in Equation (1).
However, if they are the same (e.g. models are estimated by ordinary least square
(OLS) and forecasts are evaluated by a quadratic loss function, say), parameter esti-
mation error is asymptotically negligible, regardless of the limiting ratio of n/R, as
T → ∞.

Define the following statistic,

Ŝn(0,1) =
1√
n

T−h

∑
t=R−h+1

(g(û0,t+h)−g(û1,t+h))

then,

Ŝn(0,1)−Sn(0,1) = E(∇θ0g(u0,t+h))
1√
n

T−h

∑
t=R−h+1

(θ̂0,t+h−θ
†
0 )

−E(∇θ1g(u1,t+h))
1√
n

T−h

∑
t=R−h+1

(θ̂1,t+h−θ
†
1 )+op(1)

(2)

The limiting distribution of the right-hand side of Equation (2) is given by Lemma
4.1 and Theorem 4.1 in [2]. From Equation (2), we can immediately see that if
g(·) = q(·), then E(∇θig(ui,t+h)) = 0 by the first order conditions, and parameter
estimation error is asymptotically negligible. Another situation in which parameter
estimation error vanishes asymptotically is when n/R→ 0, as T → ∞.

Without loss of generality, consider the case of h = 1. All results carry over to
the case when h > 1. The DM test statistic is given by,

D̂Mn =
1√
n

1
σ̂n

T−1

∑
t=R

(g(û0,t+1)−g(û1,t+1))

with
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σ̂n =Ŝgg +2Π F̂
′
0Â0Ŝh0h0 +2Π F̂

′
1Â1Ŝh1h1 Â1F̂1

−2Π(F̂
′
1Â1Ŝh1h0 Â0F̂0 + F̂

′
0Â0Ŝh0h1 Â1F̂1)

+Π(Ŝ
′
gh1

Â1F̂1 + F̂
′
1Â1Ŝgh1)

where for i, j = 0,1, Π = 1− ln(1+π)
π

, and qt(θ̂i,t) = q(yt − fi(Zt−1
i , θ̂i,t)),

Ŝhih j =
1
n

ln

∑
τ=−ln

wτ

T−ln

∑
t=R+ln

∇θ qt(θ̂i,t)∇θ qt+τ(θ̂ j,t)
′

Ŝghi =
1
n

ln

∑
τ=−ln

wτ

T−ln

∑
t=R+ln

(
g(û0,t)−g(û1,t)−

1
n

T−1

∑
t=R

(g(û0,t+1)−g(û1,t+1))

)
×∇θ qt+τ(θ̂i,t)

′

Ŝgg =
1
n

ln

∑
τ=−ln

wτ

T−ln

∑
t=R+ln

(
g(û0,t)−g(û1,t)−

1
n

T−1

∑
t=R

(g(û0,t+1)−g(û1,t+1))

)

×

(
g(û0,t+τ)−g(û1,t+τ)−

1
n

T−1

∑
t=R

(g(û0,t+1)−g(û1,t+1))

)
with wτ = 1− τ

ln−1 , and

F̂i =
1
n

T−1

∑
t=R

∇θig(ûi,t+1), Âi =

(
−1

n

T−1

∑
t=R

∇
2
θi

q(θ̂i,t)

)−1

Assumption 1.1: (yt ,Zt−1), with yt scalar and Zt−1 an ℜζ -valued (0 < ζ < ∞)
vector, is a strictly stationary and absolutely regular β -mixing process with size
−4(4+ψ)/ψ , ψ > 0.

Assumption 1.2: (i) θ † is uniquely identified (i.e. E(q(yt ,Zt−1,θi)))>E(q(yt ,Zt−1,θ †
i )))

for any θi 6= θ
†
i ); (ii) q(·) is twice continuously differentiable on the interior of

Θ , and for Θ a compact subset of ℜρ ; (iii) the elements of ∇θ q and ∇2
θ

q are p-
dominated on Θ , with p > 2(2+ψ), where ψ is the same positive constant as de-
fined in Assumption 1.1; and (iv) E(−∇2

θ
q) is negatively definite uniformly on Θ .

PROPOSITION 1.1 (From Theorem 4.1 in [2]): With Assumptions 1.1 and 1.2,
also, assume that g(·) is continuously differentiable, then, if as n→ ∞, ln→ ∞ and
ln/n1/4→ 0, then as n, R→ ∞, under H0,

D̂Mn
d−→ N(0,1)

Under HA,
Pr(n−1/2|D̂Mn|> ε)→ 1, ∀ε > 0



Forecast Evaluation 5

It is immediate to see that if either g(·) = q(·) or n/R→ 0, as T → ∞, the es-
timator σ̂n collapses to Ŝgg. Note that the limiting distribution of DM test obtains
only for the case of short-memory series. [3] extends the DM test to the case of co-
integrated variables and [4] to the case of series with high persistence. Finally, note
that the two competing models are assumed to be non-nested. If they are nested,
then u0,t+h = u1,t+h under the null, and both ∑

T−h
t=R−h+1(g(û0,t+h)− g(û1,t+h)) and

σ̂n converge in probability to zero at the same rate if n/R→ 0. Therefore the DM
test statistic does not converge in distribution to a standard normal variable under
the null. Comparison of nested models is introduced in the next section.

2 Comparison of two nested models

There are situations in which we may be interested in comparing forecasts from
nested models. For instance, one of the driving forces behind the literature on out-
of-sample comparison of nested models is the seminal paper by [5], who find that
no models driven by economic fundamentals can beat a simple random walk model,
in terms of out-of-sample predictive accuracy, when forecasting exchange rates. The
models studied in this paper are nested, in the sense that parameter restrictions can
be placed on the more general models that reduce these models to the random walk
benchmark studied by these authors. When testing out-of-sample Granger causal-
ity, alternative models are also nested. Since the DM test discussed above is valid
only when the competing models are non-nested, we introduce alternative tests that
address testing among nested models.

2.1 Clark and McCracken tests for nested models

[6] (CMa) and [7] (CMb) propose several tests for nested linear models, under the
assumption that prediction errors follow martingale difference sequences (this rules
out the possibility of dynamic misspecification under the null for these particular
tests), where CMa tests are tailored for the case of one-step-ahead forecasts, and
CMb tests for the case of multi-step-ahead forecasts.

Consider the following two nested models. The restricted model is,

yt =
q

∑
j=1

β jyt− j + εt

and the unrestricted model is,
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yt =
q

∑
j=1

β jyt− j +
k

∑
j=1

α jxt− j +ut (3)

The null hypothesis of CMa tests is formulated as,

H0 : E(ε2
t )−E(u2

t ) = 0

against
HA : E(ε2

t )−E(u2
t )> 0

We can immediately see from the null and the alternative hypotheses that CMa
tests implicitly assume that the restricted model cannot beat the unrestricted model.
This is the case when the models are estimated by OLS and the quadratic loss func-
tion is employed for evaluation.

CMa propose the following three different test statistics,

ENC−T = (n−1)1/2 c
(n−1 ∑

T−1
t=R (ct+1− c))1/2

ENC−REG = (n−1)1/2 n−1
∑

T−1
t=R (ε̂t+1(ε̂t+1− ût+1))

(n−1 ∑
T−1
t=R (ε̂t+1− ût+1)2n−1 ∑

T−1
t=R ε̂2

t+1− c)1/2

ENC−NEW = n
c

n−1 ∑t=1 û2
t+1

where ct+1 = ε̂t+1(ε̂t+1− ût+1), c= n−1
∑

T−1
t=R ct+1, and ε̂t+1 and ût+1 are OLS resid-

uals.

Assumption 2.1: (yt ,xt) are strictly stationary and strong mixing processes, with
size −4(4+δ )

δ
, for some δ > 0, and E(y8

t ) and E(x8
t ) are both finite.

Assumption 2.2: Let zt = (yt−1, ...,yt−q,xt−1, ...,xt−q) and E(ztut |Ft−1) = 0, where
Ft−1 is the σ -field up to time t−1, generated by (yt−1,yt−2, ...,xt−1,xt−2, ...). Also,
E(u2

t |Ft−1) = σ2
u .

Note that Assumption 2.2 assumes that the unrestricted model is dynamically cor-
rect and that ut is conditionally homoskedastic.

PROPOSITION 2.1 (From Theorem 3.1–3.3 in [6]): With Assumptions 2.1 and
2.2, under the null, (i) if as T → ∞, n/R → π > 0, then ENC− T and ENC−
REG converge in distribution to Γ1/Γ2 where Γ1 =

∫ 1
(1+π)−1 s−1W

′
s dWs and Γ2 =∫ 1

(1+π)−1 W
′
sWsds, with Ws a k-dimensional standard Brownian motion (here k is

the number of restrictions or the number of extra regressors in the unrestricted
model). ENC−NEW converges in distribution to Γ1. (ii) If as T → ∞, n/R→ 0,
then ENC−T and ENC−REG converge in distribution to N(0,1). ENC−NEW
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converges in probability to 0.

Therefore, as T →∞ and n/R→ π > 0, all three test statistics have non-standard
limiting distributions. Critical values are tabulated for different k and π in CMa.
Also note that the above proposition is valid only when h = 1, i.e. the case of
one-step ahead forecasts, since Assumption 2.2 is violated when h > 1. For this
case, CMb propose a modified test statistic for which MA(h−1) errors are allowed.
Namely, they propose using the following statistic:

ENC−T
′
=(n−h+1)1/2×

(n−h+1)−1
∑

T−h
t=R ĉt+h

((n−h+1)−1 ∑
j
j=− j ∑

T−h
t=R+ j K( j

M )(ĉt+h− c)(ĉt+h− j− c))1/2
,

where K(·) is a kernel and 0 ≤ K( j
M ) ≤ 1, with K(0) = 1 and M = o(n1/2), and j

does not grow with the sample size. Therefore, the denominator of ENC−T
′

is a
consistent estimator of the long-run variance when E(ctct+|k|) = 0 for all |k| > h.
Of particular note is that although ENC−T

′
allows for MA(h−1) errors, dynamic

misspecification under the null is still not allowed. Also note that, when h = 1,
ENC−T

′
is equivalent to ENC−T .

Another test statistic suggested in CMb is a DM-type test with nonstandard crit-
ical values that are needed in order to modify the DM test in order to allow for the
comparison of nested models. The test statistic is:

MSE−T
′
=(n−h+1)1/2×

(n−h+1)−1
∑

T−h
t=R d̂t+h

((n−h+1)−1 ∑
j
j=− j ∑

T−h
t=R+ j K( j

M )(d̂t+h−d)(d̂t+h− j−d))1/2

where d̂t+h = û2
t+h− ε̂2

t+h and d = (n−h+1)−1
∑

T−h
t=R d̂t+h.

Evidently, this test is a standard DM test, although it should be stressed that the
critical values used in the application of this variant of the test are different. The
limiting distributions of the ENC− T

′
and MSE − T

′
are provided in CMb, and

are non-standard. Moreover, for the case of h > 1, the limiting distributions contain
nuisance parameters, so that critical values cannot be tabulated directly. Instead,
CMb suggest a modified version of the bootstrap method in [8] to carry out statistical
inference. For this test, the block bootstrap can also be used to carry out inference
(see [11] for details.)

2.2 Out-of-sample tests for Granger causality

CMa and CMb tests do not take dynamic misspecification into account under the
null. [9] (CCS) propose out-of-sample tests for Granger causality allowing for pos-
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sible dynamic misspecification and conditional heteroskedascity. The idea is very
simple. If the coefficients α j, j = 1, ...,k in Equation (3) are all zeros, then residuals
εt+1 are uncorrelated with lags of x. As a result, including regressors xt− j, j = 1, ...,k
does not help improve predictive accuracy, and the unrestricted model does not out-
perform the restricted model.

Hereafter, for notational simplicity, we only consider the case of h= 1. All results
can be generalized to the case of h > 1. Formally, the test statistic is,

mn = n−1/2
T−1

∑
t=R

ε̂t+1Xt ,

where Xt = (xt ,xt−1, ...,xt−k−1)
′
. The null hypothesis and the alternative hypothesis

are formulated as,

H0 : E(εt+1xt− j) = 0, j = 0,1, ...,k−1

HA : E(εt+1xt− j) 6= 0, for some j

Assumption 2.3: (yt ,xt) are strictly stationary and strong mixing processes, with
size −4(4+δ )

δ
, for some δ > 0, and E(y8

t ) and E(x8
t ) are both finite. E(εtyt− j) =

0, j = 1,2, ...,q.

PROPOSITION 2.2 (From Theorem 1 in [9]): With Assumption 2.3, as T → ∞,
n/R→ π,0≤ π < ∞, (i) under the null, for 0 < π < ∞,

mn
d−→ N(0,Ξ)

with

Ξ =S11 +2(1−π
−1ln(1+π))F

′
MS22MF−

(1−π
−1ln(1+π))(F

′
MS12 +S

′
12MF)

where F = E(YtX
′
t ), M = plim( 1

t ∑
t
j=q YjY

′
j )
−1, and Yj = (y j−1, ...,y j−q)

′
. Further-

more,

S11 =
∞

∑
j=−∞

E((Xtεt+1−µ)(Xt− jεt− j+1−µ)
′
)

S22 =
∞

∑
j=−∞

E((Yt−1εt)(Yt− j−1εt− j)
′
)

S12 =
∞

∑
j=−∞

E((εt+1Xt −µ)(Yt− j−1εt− j)
′
)

where µ = E(Xtεt+1). In addition, for π = 0,
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mn
d−→ N(0,S11)

(ii) Under the alternative,

lim
n→∞

Pr(|n−1/2mn|> 0) = 1

COROLLARY 2.1 (From Corollary 2 in [9]): With Assumption 2.3, as T → ∞,
n/R→ π,0≤ π < ∞, lT → ∞, lT/T 1/4→ 0, (i) under the null, for 0 < π < ∞,

m
′
nΞ̂
−1mn

d−→ χ
2
k

with

Ξ̂ = Ŝ11 +2(1−π
−1ln(1+π))F̂

′
M̂Ŝ22M̂F̂

− (1−π
−1ln(1+π))(F̂

′
M̂Ŝ12 + Ŝ

′
12M̂F̂)

where F̂ = n−1
∑

T
t=R YtX

′
t , M̂ = (n−1

∑
T−1
t=R YtY

′
t )r
−1, and

Ŝ11 =
1
n

T−1

∑
t=R

(ε̂t+1Xt − µ̂1)(ε̂t+1Xt − µ̂1)
′

+
1
n

lT

∑
t=τ

wτ

T−1

∑
t=R+τ

(ε̂t+1Xt − µ̂1)(ε̂t+1−τ Xt−τ − µ̂1)
′

+
1
n

lT

∑
t=τ

wτ

T−1

∑
t=R+τ

(ε̂t+1−τ Xt−τ − µ̂1)(ε̂t+1Xt − µ̂1)
′

Ŝ12 =
1
n

lT

∑
τ=0

wτ

T−1

∑
t=R+τ

(ε̂t+1−τ Xt−τ − µ̂1)(Yt−1ε̂t)
′

+
1
n

lT

∑
τ=1

wτ

T−1

∑
t=R+τ

(ε̂t+1Xt − µ̂1)(Yt−1−τ ε̂t−τ)
′

Ŝ22 =
1
n

T−1

∑
t=R

(Yt−1ε̂t)(Yt−1ε̂t)
′

+
1
n

lT

∑
τ=1

wτ

T−1

∑
t=R+τ

(Yt−1ε̂t)(Yt−1−τ ε̂t−τ)
′

+
1
n

lT

∑
τ=1

wτ

T−1

∑
t=R+τ

(Yt−1−τ ε̂t−τ)(Yt−1ε̂t)
′

with wτ = 1− τ

lT+1 . In addition, for π = 0,
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m
′
nŜ−1

11 mn
d−→ χ

2
k

(ii) Under the alternative, m
′
nŜ−1

11 mn diverges at rate n.

Note that a “nonlinear” variant of the above CCS test has also been developed by
the same authors. In this generic form of the test, one can test for nonlinear Granger
causality, for example, where the alternative hypothesis is that some (unknown)
function of the xt can be added to the benchmark linear model that contains no
xt in order to improve predictive accuracy. This alternative test is thus consistent
against generic nonlinear alternatives. Complete details of this test are given in the
next section.

3 A predictive accuracy test that is consistent against generic
alternatives

The test discussed in the previous subsection is designed to have power against a
given (linear) alternative; and while it may have power against other alternatives, it
is not designed to do so. Thus, it is not consistent against generic alternatives. Tests
that are consistent against generic alternatives are sometimes called portmanteau
tests, and it is this sort of extension of the out-of-sample Granger causality test
discussed above that we now turn our attention to. Broadly speaking, the above
consistency has been studied in the consistent specification testing literature (see
[18], [19], [20], [21], [22] and [23]).

[24] draw on both the integrated conditional moment (ICM) testing literature
of [18] and [19] and on the predictive accuracy testing literature; and propose an
out-of-sample version of the ICM test that is consistent against generic nonlinear
alternatives. This test is designed to examine whether there exists an unknown (pos-
sibly nonlinear) alternative model with better predictive power than the benchmark
model, for a given loss function. A typical example is the case in which the bench-
mark model is a simple autoregressive model and we want to know whether includ-
ing some unknown functions of the past information can produce more accurate
forecasts. This is the case of nonlinear Granger causality testing discussed above.
Needless to say, this test can be applied to many other cases. One important feature
of this test is that the same loss function is used for in-sample model estimation and
out-of-sample predictive evaluation (see [25] and [26]).

Consider the following benchmark model,

yt = θ
†
1 yt−1 +ut ,

where θ
†
1 = argminθ1∈Θ1 E(q(yt −θ1yt−1)). The generic alternative model is,

yt = θ
†
2,1(γ)yt−1 +θ

†
2,2(γ)ω(Zt−1,γ)+υt
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where θ
†
2 (γ)= (θ †

2,1(γ),θ
†
2,2(γ))

′
= argminθ2∈Θ2 E(q(yt−θ2,1(γ)yt−1−θ2,2(γ)ω(Zt−1,γ))).

The alternative model is “generic” due to the term ω(Zt−1,γ), where the function
ω(·) is a generically comprehensive function, as defined in [18] and [19]. The test
hypotheses are:

H0 : E(g(ut)−g(υt)) = 0

HA : E(g(ut)−g(υt))> 0

By definition, it is clear that the benchmark model is nested within the alternative
model. Thus the former model can never outperform the latter. Equivalently, the
hypotheses can be restated as,

H0 : θ
†
2,2(γ) = 0

HA : θ
†
2,2(γ) 6= 0

Note that, given the definition of θ
†
2 (γ), we have that

E
(

g
′
(υt)×

(
−yt ,−ω(Zt−1,γ)

)′)
= 0

Hence, under the null, we have that θ
†
2,2(γ)= 0, θ

†
2,1(γ)= θ

†
1 and E(g

′
(ut)ω(Zt−1,γ))=

0. As a result, the hypotheses can be once again be restated as,

H0 : E(g
′
(ut)ω(Zt−1,γ)) = 0

HA : E(g
′
(ut)ω(Zt−1,γ)) 6= 0

The test statistic is given by

Mn =
∫

mn(γ)
2
φ(γ)dγ

with

mn(γ) = n−1/2
T−1

∑
t=R

g
′
(ût +1)ω(Zt ,γ)

where
∫

φ(γ)dγ = 1, φ(γ) ≥ 0, and φ(γ) is absolutely continuous with respect to
Lebesgue measure.

Assumption 4.1: (i) (yt ,Zt) is a strictly stationary and absolutely regular strong mix-
ing sequence with size−4(4+ψ)/ψ,ψ > 0; (ii) g(·) is three times continuously dif-
ferentiable in θ , over the interior of Θ , and ∇θ g, ∇2

θ
g, ∇θ g

′
, ∇2

θ
g
′
are 2r-dominated

uniformly in Θ , with r≥ 2(2+ψ); (iii) E(−∇2
θ

g(θ)) is negative definite, uniformly
in Θ ; (iv) ω(·) is a bounded, twice continuously differentiable function on the in-
terior of Γ and ∇γ ω(Zt ,γ) is bounded uniformly in Γ ; (iv) ∇γ ∇θ g

′
(θ)ω(Zt ,γ) is

continuous on Θ ×Γ , Γ a compact subset of ℜd and is 2r-dominated uniformly in
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Θ ×Γ , with r ≥ 2(2+ψ).

Assumption 4.2: (i) E(g
′
(yt−θ

†
1 yt−1))<E(g

′
(yt−θ1yt−1)),∀θ 6= θ †; (ii) infγ E(g

′
(yt−

θ
†
2,1(γ)yt−1+θ

†
2,2(γ)ω(Zt−1,γ)))<E(g

′
(yt−θ2,1(γ)yt−1+θ2,2(γ)ω(Zt−1,γ))),∀θ 6=

θ †(γ).

Assumption 4.3: T = R+n, and as T → ∞, n/R→ π , with 0≤ π < ∞.

PROPOSITION 4.1 (From Theorem 1 in [24]): With Assumptions 4.1–4.3, the
following results hold: (i) Under the null,

Mn
d−→
∫

Z(γ)2
φ(γ)dγ

where Z is a Gaussian process with covariance structure,

K(γ1,γ2) = Sgg(γ1,γ2)+2Π µγ1A†ShhA†
µγ2

+Π µ
′
γ1

A†Sgh(γ2)+Π µ
′
γ2

A†Sgh(γ1)

with µγ1 = E(∇θ1(g
′
(ut)ω(Zt ,γ1))), A† = (−E(∇2

θ1
q(ut)))

−1, and

Sgg(γ1,γ2) = ∑
j

E(g
′
(us+1)ω(Zs,γ1)g

′
(us+ j+1)ω(Zs+ j,γ1))

Shh = ∑
j

E(∇θ1q(us)∇θ1q(us+ j)
′
)

Sgh(γ1) = ∑
j

E(g
′
(us+1)ω(Zs,γ1)∇θ1q(us+ j)

′
)

and γ , γ1 and γ2 are generic elements of Γ .
(ii) Under the alternative, for ε > 0 and δ < 1,

lim
n→∞

Pr
(

n−δ

∫
mn(γ)

2
φ(γ)dγ > ε

)
= 1

The limiting distribution under the null is a Gaussian process with a covariance
structure that reflects both the time dependence and the parameter estimation error.
Therefore the critical values cannot be tabulated. Valid asymptotic critical values
can be constructed by using the block bootstrap for recursive estimation schemes,
as detailed in [11]. In particular, define,

θ̃
∗
1,t = argmin

θ1

1
t

t

∑
j=2

[g(y∗j −θ1y∗j−1)−θ
′
1

1
T

T

∑
i=2

∇θ g(yi− θ̂1yi−1)]

Then the bootstrap statistic is,
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M∗n =
∫

m∗n(γ)
2
φ(γ)dγ

where

m∗n(γ) = n−1/2
T−1

∑
t=R

(
g
′
(u∗t )ω(Z∗,t ,γ)−T−1

T−1

∑
i=1

g
′
(ût)ω(Zi,γ)

)

Assumption 4.4: For any t,s and ∀i, j,k = 1,2, and for ∆ < ∞,

(i) E( sup
θ ,γ,γ+

|g′(θ)ω(Zt−1,γ)∇k
θ g
′
(θ)ω(Zs−1,γ+)|4)< ∆

where ∇k
θ
(·) denotes the k-th element of the derivative of its argument with respect

to θ .
(ii) E(sup

θ

|∇k
θ (∇

i
θ g(θ))∇ j

θ
g(θ)|4)< ∆

and
(iii) E(sup

θ ,γ
|g′(θ)ω(Zt−1,γ)∇k

θ (∇
j
θ

g(θ))|4)< ∆

PROPOSITION 4.2 (From Proposition 5 in [11]): With Assumptions 4.1–4.4, also
assume that as T → ∞, l→ ∞, and l/T 1/4→ 0, then as T,n,R→ ∞,

Pr
(

sup
δ

∣∣∣∣ ∗Pr(
∫

m∗n(γ)
2
φ(γ)dγ ≤ δ )−Pr(

∫
mn(γ)

2
φ(γ)dγ ≤ δ )

∣∣∣∣> ε

)
→ 0

The above proposition justifies the bootstrap procedure. For all samples except a
set with probability measure approaching zero, M∗n mimics the limiting distribution
of Mn under the null, ensuring asymptotic size equal to α . Under the alternative,
M∗n still has a well defined limiting distribution, while Mn explodes, ensuring unit
asymptotic power.

In closing, note that θ̃ ∗1,t can be replaced with θ ∗1,t if parameter estimation error is
assumed to be asymptotically negligible. In this case, critical values are constructed
via standard application of the block bootstrap.

4 Comparison of multiple models

The predictive accuracy tests that we have introduced to this point are all used to
choose between two competing models. However, an even more common situation
is when multiple (more than two) competing models are available, and the objective
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is to assess whether there exists at least one model that outperforms a given “bench-
mark” model. If we sequentially compare each of the alternative models with the
benchmark, we induce the so-called “data snooping” problem, where sequential test
bias results in the size of our test increasing to unity, so that the null hypothesis
is rejected with probability one, even when the null is true. In this subsection, we
review several tests for comparing multiple models and addressing the issue of data
snooping.

4.1 A reality check for data snooping

[10] proposes a test called the “reality check”, which is suitable for comparing mul-
tiple models. We use the same notation as that used when discussing the DM test,
except that there are now multiple alternative models, i.e. model i = 0,1,2, ...,m.
Recall that i = 0 denotes the benchmark model. Define the following test statistic,

Ŝn = max
i=1,...,m

Ŝn(0, i) (4)

where

Ŝn(0, i) =
1√
n

T−1

∑
t=R

(g(û0,t+1)−g(ûi,t+1)), i = 1, ...,m

The reality check tests the following null hypothesis:

H0 : max
i=1,...,m

E(g(u0,t+1)−g(ui,t+1))≤ 0

against
HA : max

i=1,...,m
E(g(u0,t+1)−g(ui,t+1))> 0

The null hypothesis states that no competing model amongst the set of m alternatives
yields more accurate forecasts than the benchmark model, for a given loss function;
while the alternative hypothesis states that there is at least one alternative model that
outperforms the benchmark model. By jointly considering all alternative models, the
reality check controls the family-wise error rate (FWER), thus circumventing the is-
sue of data snooping, i.e. sequential test bias.

Assumption 3.1: (i) fi(·,θ †
i ) is twice continuously differentiable on the interior of

Θi and the elements of ∇θi fi(Zt ,θi) and ∇2
θi

fi(Zt ,θi) are p-dominated on Θi, for
i = 1, ...,m, with p > 2(2+ψ), where ψ is the same positive constant defined in
Assumption 1.1; (ii) g(·) is positively valued, twice continuously differentiable on
Θi, and g(·), g

′
(·), and g

′′
(·) are p-dominated on Θi, with p defined in (i); and (iii) let

cii = limT→∞ Var
(
T−1/2

∑
T
t=1(g(u0,t+1)−g(ui,t+1))

)
, i = 1, ...,m, define analogous

covariance terms, c ji, j, i = 1, ...,m, and assume that c ji is positive semi-definite.
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PROPOSITION 3.1 (Parts (i) and (iii) are from Proposition 2.2 in [10]): With As-
sumptions 1.1, 1.2 and 3.1, then under the null,

max
i=1,...,m

(
Ŝn(0, i)−

√
nE (g(u0,t+1)−g(ui,t+1))

)
d−→ max

i=1,...,m
S(0, i)

where S = (S(0,1), ...,S(0,m))
′

is a zero mean Gaussian process with covariance
matrix given by V , with V an m×m matrix, and: (i) If parameter estimation error
vanishes, then for i = 0, ...,m,

V = Sgigi =
∞

∑
τ=−∞

E (g(u0,1)−g(ui,1))(g(u0,1+τ)−g(ui,1+τ))

(ii) If parameter estimation error does not vanish, then

V =Sgigi +2Π µ
′
0A†

0C00A†
0µ0 +2Π µ

′
i A

†
i CiiA

†
i µi

−4Π µ
′
0A†

0C0iA
†
i µi +2ΠSgiq0A†

0µ0−2ΠSgiqiA
†
i µi

where

Cii =
∞

∑
τ=−∞

E(∇θiqi(y1+s,Zs,θ †
i ))(∇θiqi(y1+s+τ ,Zs+τ ,θ †

i ))
′

Sgiqi =
∞

∑
τ=−∞

E ((g(u0,1)−g(ui,1)))(∇θiqi(y1+s+τ ,Zs+τ ,θ †
i ))

′

A†
i = (E(−∇2

θi
qi(yt ,Zt−1,θ †

i )))
−1, µi =E(∇θig(ui,t+1)), and Π = 1−π−1ln(1+π).

(iii) Under the alternative, Pr(n−1/2|Sn|> ε)→ 1 as n→ ∞.

Of particular note is that since the maximum of a Gaussian process is not Gaus-
sian, in general, the construction of critical values for inference is not straightfor-
ward. [10] proposes two alternatives. The first is a simulation-based approach start-
ing from a consistent estimator of V , say V̂ . With V̂ , for each simulation s = 1, ...,S,
one realization is drawn from m-dimensional N(0,V̂ ) and the maximum value over
i = 1, ...,m is recorded. Repeat this procedure for S times, with a large S, and use
the (1−α)-percentile of the empirical distribution of the maximum values. A main
drawback to this approach is that we need to first estimate the covariance struc-
ture V . However, if m is large and the prediction errors exhibit a high degree of
heteroskedasticity and time dependence, the estimator of V becomes imprecise and
thus the inference unreliable, especially in finite samples. The second approach re-
lies on bootstrap procedures to construct critical values, which overcomes the prob-
lem of the first approach. We resample blocks of g(û0,t+1)−g(ûi,t+1), and for each
bootstrap replication b = 1, ...,B, we calculate

Ŝ∗(b)n (0, i) = n−1/2
T−1

∑
t=R

(g∗(û0,t+1)−g∗(ûi,t+1)) (5)
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and the bootstrap statistic is given by

S∗n = max
i=1,...,m

|Ŝ∗(b)n (0, i)− Ŝn(0, i)|

the (1−α)-percentile of the empirical distribution of B bootstrap statistics is then
used for inference. Note that in [10], parameter estimation error is assumed to be
asymptotically negligible. In light of this, [11] suggest a “re-centering” bootstrap
procedure in order to explicitly handle the issue of non-vanishing parameter estima-
tion error, when constructing critical values for this test. The new bootstrap statistic
is defined as,

S∗∗n = max
i=1,...,m

S∗∗n (0, i)

where

S∗∗n (0, i) =n−1/2
T−1

∑
t=R

[(g(y∗t+1− f0(Z∗,t , θ̃ ∗0,t))−g(y∗t+1− fi(Z∗,t , θ̃ ∗i,t)))

− 1
T

T−1

∑
j=1

(g(y j+1− f0(Z j, θ̂0,t))−g(y j+1− fi(Z j, θ̂i,t)))]

Note that S∗∗n (0, i) is different from the standard bootstrap statistic in Equation (5),
which is defined as the difference between the statistic constructed using original
samples and that using bootstrap samples. The (1−α)-percentile of the empirical
distribution of S∗∗n can be used to construct valid critical values for inference in
the case of non-vanishing parameter estimation error. Proposition 2 in [11] estab-
lishes the first order validity for the recursive estimation scheme and [12] outline
the approach to constructing valid bootstrap critical values for the rolling window
estimation scheme. Finally, note that [11] explain how to use the simple block boot-
strap for constructing critical values when parameter estimation error is assumed to
be asymptotically negligible. This procedure is perhaps the most obvious method
to use for constructing critical values as it involves simply resampling the original
data, carrying out the same forecasting procedures as used using the original data,
and then constructing bootstrap statistics. These bootstrap statistics can be used (af-
ter subtracting the original test statistic from each of them) to form an empirical
distribution which mimics the distribution of the test statistic under the null hy-
pothesis. Finally, the empirical distribution can be used to construct critical values,
which are the (1−α)-quantiles of said distribution.

From Equation (4) and Proposition 3.1, it is immediate to see that the reality
check can be rather conservative when a many alternative models are strictly dom-
inated by the benchmark model. This is because those “bad” models do not con-
tribute to the test statistic, simply because they are ruled out by the maximum, but
contribute to the bootstrap statistics. Therefore, when many inferior models are in-
cluded, the probability of rejecting the null hypothesis is actually smaller than α . In-
deed, it is only for the least favorable case, in which E(g(u0,t+1)−g(ui,t+1)) = 0,∀i,
that the distribution of Ŝn coincides with that of
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max
i=1,...,m

(
Ŝn(0, i)−

√
nE (g(u0,t+1)−g(ui,t+1))

)
We introduce two approaches for addressing the conservative nature of this test
below.

4.2 A test for superior predictive ability

[13] proposes a modified reality check called the superior predictive ability (SPA)
test that controls the FWER and addresses the inclusion of inferior models. The SPA
test statistic is defined as,

Tn = max

{
0, max

i=1,...,m

Ŝn(0, i)√
ν̂i,i

}

where ν̂i,i =
1
B ∑

B
b=1

(
1
n ∑

T−1
t=R ((g(û0,t+1)−g(ûi,t+1))− (g(û∗0,t+1)−g(û∗i,t+1)))

2
)

.
The bootstrap statistic is then defined as,

T ∗(b)n = max

0, max
i=1,...,m

{
n−1/2

∑
T−1
t=R (d̂∗(b)i,t − d̂i,t1{d̂i,t≥−AT,i}

)√
ν̂i,i

}


where d̂∗(b)i,t = g(û∗0,t+1)−g(û∗i,t+1), d̂i,t = g(û0,t+1)−g(ûi,t+1), and AT,i =

1
4 T−1/4

√
ν̂i,i.

The idea behind the construction of SPA bootstrap critical values is that when a
competing model is too slack, the corresponding bootstrap moment condition is not
re-centered, and the bootstrap statistic is not affected by this model. Therefore, the
SPA test is less conservative than the reality check. [14] derive a general class of
SPA tests using the generalized moment selection approach of [15] and show that
Hansen’s SPA test belongs to this class. [16] propose a multiple step extension of
the reality check which ensures tighter control of irrelevant models.

4.3 A test based on sub-sampling

The conservative property of the reality check can be alleviated by using the sub-
sampling approach to constructing critical values, at the cost of sacrificing power
in finite samples. Critical values are obtained from the empirical distribution of a
sequence of statistics constructed using subsamples of size b̃, where b̃ grows with
the sample size, but at a slower rate (see [17]).

In the context of the reality check, as n→ ∞, b̃→ ∞, and b̃/n→ 0, define

Sn,a,b̃ = max
i=1,...,m

Sn,a,b̃(0, i), a = R, ...,T − b̃−1
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where

Sn,a,b̃(0, i) = b̃−1/2
a+b̃−1

∑
t=a

(g(û0,t+1)−g(ûi,t+1))

We obtain the empirical distribution of T − b̃−1 statistics, Sn,a,b̃, and reject the null

if the test statistic Ŝn is greater than the (1−α)-quantile of the empirical distribu-
tion. The advantage of the sub-sampling approach over the bootstrap is that the test
has correct size when maxi=1,...,m E(g(û0,t+1)−g(ûi,t+1))< 0 for some i, while the
bootstrap approach delivers a conservative test in this case. However, although the
sub-sampling approach ensures that the test has unit asymptotic power, the finite
sample power may be rather low, since Sn,a,b̃ diverges at rate

√
b̃ instead of

√
n, un-

der the alternative. Finally, note that the sub-sampling approach is also valid in the
case of non-vanishing parameter estimation error because each statistic constructed
using subsamples properly mimics the distribution of actual statistic.
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Part II: Forecast Evaluation Using Density Based Predictive
Accuracy Tests

In Part I, we introduced a variety of tests designed for comparing models based on
point forecast accuracy. However, there are many practical situations in which eco-
nomic decision making crucially depends not only on conditional mean forecasts
(e.g. point forecasts), but also on predictive confidence intervals or predictive con-
ditional distributions (also called predictive densities). One such case, for instance,
is when value at risk (VaR) measures are used in risk management for assessment
of the amount of projected financial losses due to extreme tail behavior, e.g. catas-
trophic events. Another common case is when economic agents are undertaking to
optimize their portfolio allocations, in which case the joint distribution of multiple
assets is required to be modeled and fully understood. The purpose of this section is
to discuss recent tests for comparing (potentially misspecified) conditional distribu-
tion models.

5 The Kullback-Leibler information criterion approach

A well-known measure of distributional accuracy is the Kullback-Leibler Informa-
tion Criterion (KLIC). Using the KLIC involves simply choosing the model which
minimizes the KLIC (see, e.g., [27], [28], [29], [30]). Of note is that [27] shows that
quasi maximum likelihood estimators minimize the KLIC, under mild conditions.
In order to implement the KLIC, one might choose model 0 over model 1, if

E(ln f0(yt |Zt ,θ †
0 )− ln f1(yt |Zt ,θ †

1 ))> 0

For the i.i.d case, [28] suggests using a likelihood ratio test for choosing the condi-
tional density model that is closer to the “true” conditional density, in terms of the
KLIC. [29] suggests using a weighted version of the likelihood ratio test proposed in
[28] for the case of dependent observations, while [30] employs a KLIC-based ap-
proach to select among misspecified conditional models that satisfy given moment
conditions. Furthermore, the KLIC approach has recently been employed for the
evaluation of dynamic stochastic general equilibrium models (see e.g., [31], [32],
and [33]). For example, [32] show that the KLIC-best model is also the model with
the highest posterior probability.

The KLIC is a sensible measure of accuracy, as it chooses the model which on av-
erage gives higher probability to events which have actually occurred. Also, it leads
to simple likelihood ratio type tests which have a standard limiting distribution and
are not affected by problems associated with accounting for parameter estimation
error. However, it should be noted that if one is interested in measuring accuracy
over a specific region, or in measuring accuracy for a given conditional confidence
interval, say, this cannot be done in as straightforward manner using the KLIC. For
example, if we want to evaluate the accuracy of different models for approximating
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the probability that the rate of inflation tomorrow, given the rate of inflation today,
will be between 0.5% and 1.5%, say, we can do so quite easily using the square error
criterion, but not using the KLIC.

6 A predictive density accuracy test for comparing multiple
misspecified models

[34] (CSa) and [35] (CSb) introduce a measure of distributional accuracy, which
can be interpreted as a distributional generalization of mean square error. In addi-
tion, [34] apply this measure to the problem of selecting amongst multiple misspec-
ified predictive density models. In this section we discuss these contributions to the
literature.

Consider forming parametric conditional distributions for a scalar random vari-
able, yt , given Zt , where Zt =(yt−1, ...,yt−s1 ,Xt , ...,Xt−s2+1), with s1,s2 finite. With a
little abuse of notation, now we define the group of conditional distribution models,
from which one wishes to select a “best” model, as

{Fi(u|Zt ,θ †
i )}i=1,...,m,

and define the true conditional distribution as

F0(u|Zt ,θ0) = Pr(yt+1 ≤ u|Zt)

Assume that θ
†
i ∈Θi, where Θi is a compact set in a finite dimensional Euclidean

space, and let θ
†
i be the probability limit of a quasi maximum likelihood estimator

(QMLE) of the parameters of the conditional distribution under model i. If model i
is correctly specified, then θ

†
i = θ0. If m > 2, follow [10]. Namely, choose a partic-

ular conditional distribution model as the “benchmark” and test the null hypothesis
that no competing model can provide a more accurate approximation of the “true”
conditional distribution, against the alternative that at least one competitor outper-
forms the benchmark model. Needless to say, pairwise comparison of alternative
models, in which no benchmark need be specified, follows as a special case.

In this context, measure accuracy using the above distributional analog of mean
square error. More precisely, define the mean square (approximation) error associ-
ated with model i, in terms of the average over U of E

(
(Fi(u|Zt ,θ †

i )−F0(u|Zt ,θ0))
2
)

,
where u∈U, and U is a possibly unbounded set on the real line, and the expectation
is taken with respect to the conditioning variables. In particular, model 1 is more
accurate than model 2, if∫

U
E((F1(u|Zt ,θ †

1 )−F0(u|Zt ,θ0))
2− (F2(u|Zt ,θ †

2 )−F0(u|Zt ,θ0))
2)φ(u)du < 0

where
∫

U φ(u)du = 1 and φ(u)du≥ 0, ∀u ∈U ∈ℜ.
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This measure integrates over different quantiles of the conditional distribution.
For any given evaluation point, this measure defines a norm and it implies a standard
goodness of fit measure. Note that this measure of accuracy leads to straightforward
evaluation of distributional accuracy over a given region of interest, as well as to
straightforward evaluation of specific quantiles. A conditional confidence interval
version of the above condition which is more natural to use in applications involving
predictive interval comparison follows immediately, and can be written as

E
(
((F1(ū|Zt ,θ †

1 )−F1(u|Zt ,θ †
1 ))− (F1(ū|Zt ,θ0)−F1(u|Zt ,θ0)))

2

−((F2(ū|Zt ,θ †
2 )−F2(u|Zt ,θ †

2 ))− (F1(ū|Zt ,θ0)−F1(u|Zt ,θ0)))
2
)
≤ 0

Hereafter, F1(·|·,θ †
1 ) is taken as the benchmark model, and the objective is to

test whether some competitor model can provide a more accurate approximation of
F0(·|·,θ0) than the benchmark.The null and the alternative hypotheses are:

H0 : max
i=2,...,m

∫
U

E((F1(u|Zt ,θ †
1 )−F0(u|Zt ,θ0))

2

−(Fi(u|Zt ,θ †
i )−F0(u|Zt ,θ0))

2)φ(u)du≤ 0

versus
HA : max

i=2,...,m

∫
U

E((F1(u|Zt ,θ †
1 )−F0(u|Zt ,θ0))

2

−(Fi(u|Zt ,θ †
i )−F0(u|Zt ,θ0))

2)φ(u)du > 0,

where φ(u) ≥ 0 and
∫

U φ(u) = 1, u ∈ U ∈ ℜ, U possibly unbounded. Note that
for a given u, we compare conditional distributions in terms of their (mean square)
distance from the true distribution. We then average over U. As discussed above,
a possibly more natural version of the above hypotheses is in terms of conditional
confidence intervals evaluation, so that the objective is to ”approximate” Pr(u ≤
Yt+1 ≤ ū|Zt), and hence to evaluate a region of the predictive density. In that case,
the null and alternative hypotheses can be stated as:

H ′0 : max
i=2,...,m

E(((F1(u|Zt , θ
†
1 )−F1(u|Zt , θ

f
1))

−(F0(u|Zt , θ0)−F0(u|Zt , θ0)))
2

−((Fi(u|Zt , θ
†
i )−Fi(u|Zt , θ

†
i ))

−(F0(u|Zt , θ0)−F0(u|Zt , θ0)))
2) ≤ 0

versus
H ′A : max

i=2,...,m
E(((F1(u|Zt , θ

†
1 )−F1(u|Zt , θ

f
1))

−(F0(u|Zt , θ0)−F0(u|Zt , θ0)))
2
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−((Fk(u|Zt , θ
†
i )−Fi(u|Zt , θ

†
i ))

−(F0(u|Zt , θ0)−F0(u|Zt , θ0)))
2) > 0

Alternatively, if interest focuses on testing the null of equal accuracy of two condi-
tional distribution models, say F1 and Fi, we can simply state the hypotheses as:

H ′′0 :
∫

U
E((F1(u|Zt , θ

†
1 )−F0(u|Zt , θ0))

2

− (Fi (u|Zt , θ
†
i )−F0(u|Zt , θ0))

2)φ(u)du = 0

versus
H ′′A :

∫
U

E((F1(u|Zt , θ
†
1 )−F0(u|Zt , θ0))

2

− (Fi (u|Zt , θ
†
i )−F0(u|Zt , θ0))

2)φ(u)du 6= 0,

or we can write the predictive density (interval) version of these hypotheses.
Of course, we do not know F0(u|Zt) . However, it is easy to see that

E((F1(u|Zt , θ
†
1 )−F0(u|Zt , θ0))

2− (Fi(u|Zt , θ
†
i )−F0(u|Zt , θ0))

2)

= E((1{yt+1 ≤ u}−F1(u|Zt , θ
†
1 ))

2)

−E ((1{yt+1 ≤ u}−Fi (u|Zt , θ
†
i ))

2),

(6)

where the right-hand side of Equation (6) does not require any knowledge of the
true conditional distribution.

The intuition behind Equation (6) is very simple. First, note that for any given
u, E(1{yt+1 ≤ u}|Zt) = Pr(yt+1 ≤ u|Zt) = F0(u|Zt , θ0) . Thus, 1{yt+1 ≤ u}−
Fi(u|Zt , θ

†
i ) can be interpreted as an “error” term associated with computation of

the conditional expectation under Fi. Now, for i = 1, ...,m:

µ
2
i (u) = E( (1{yt+1 ≤ u}−Fi (u|Zt , θ

†
i ))

2)

= E(((1{yt+1 ≤ u}−F0(u|Zt , θ0))− (Fi(u|Zt , θ
†
i )−F0(u|Zt , θ0)))

2)

= E((1{yt+1 ≤ u}−F0(u|Zt , θ0))
2)+E ((Fi (u|Zt , θ

†
i )−F0(u|Zt , θ0))

2),

given that the expectation of the cross product is zero (which follows because 1
{yt+1 ≤ u} − F0(u|Zt , θ0) is uncorrelated with any measurable function of Zt ).
Therefore,

µ
2
1 (u)−µ

2
i (u) = E( (F1 (u|Zt , θ

†
1 )−F0(u|Zt , θ0))

2)

−E ((Fi (u|Zt , θ
†
i )−F0(u|Zt , θ0))

2)
(7)

The statistic of interest is

Zn, j = max
i=2,...m

∫
U

Zn,u, j(1, i)φ(u)du, j = 1,2,



Forecast Evaluation 23

where for j = 1 (rolling estimation scheme),

Zn,u,1(1, i) =
1√
n

T−1

∑
t=R

((1{yt+1 ≤ u}−F1(u|Zt , θ̂1,t,rol))
2

− (1{yt+1 ≤ u}−Fi(u|Zt , θ̂i,t,rol))
2)

and for j = 2 (recursive estimation scheme),

Zn,u,2(1, i) =
1√
n

T−1

∑
t=R

((1{yt+1 ≤ u}−F1(u|Zt , θ̂1,t,rec))
2

− (1{yt+1 ≤ u}−Fi(u|Zt , θ̂i,t,rec))
2),

where θ̂i,t,rol and θ̂i,t,rec are defined as:

θ̂i,t,rol = argmin
θ∈Θ

1
R

t

∑
j=t−R+1

q(y j,Z j−1,θ), R≤ t ≤ T −1

and

θ̂i,t,rec = argmin
θ∈Θ

1
t

t

∑
j=1

q(y j,Z j−1,θ), t = R,R+1,R+n−1

As shown above and in [34], the hypotheses of interest can be restated as:

H0 : max
i=2,...,m

∫
U
(µ2

1 (u)−µ
2
i (u))φ(u)du≤ 0

versus
HA : max

i=2,...,m

∫
U
(µ2

1 (u)−µ
2
i (u))φ(u)du > 0

where µ2
i (u) = E( (1{yt+1 ≤ u}−Fi (u|Zt , θ

†
i ))

2).

Assumption 6.1: (i) θ
†
i is uniquely defined,

E(ln( fi(yt ,Zt−1,θi)))< E(ln( fi(yt ,Zt−1,θ †
i ))),

for any θi 6= θ
†
i ; (ii) ln fi is twice continuously differentiable on the interior of Θi,

and ∀Θi a compact subset of ℜρ(i); (iii) the elements of ∇θi ln fi and ∇2
θi

ln fi are
p-dominated on Θi, with p > 2(2+ψ), where ψ is the same positive constant as
defined in Assumption 1.1; and (iv) E(−∇2

θi
ln fi) is negatively definite uniformly

on Θi.

Assumption 6.2: T = R+n, and as T → ∞, n/R→ π , with 0 < π < ∞.
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Assumption 6.3: (i) Fi(u|Zt ,θi) is continuously differentiable on the interior of Θi

and ∇θiFi(u|Zt ,θ †
i ) is 2r-dominated on Θi, uniformly in u, r > 2, ∀i;1 and (ii) let

vii(u) = plimT→∞Var
( 1√

T

T

∑
t=s

(((1{yt+1 ≤ u}−F1(u|Zt ,θ †
1 ))

2−µ
2
1 (u))

−((1{yt+1 ≤ u}−Fi(u|Zt ,θ †
i ))

2−µ
2
i (u))

)
, ∀i

define analogous covariance terms, v j,i(u), j, i = 2, ...,m, and assume that [v j,i(u)] is
positive semi-definite, uniformly in u.

PROPOSITION 6.1 (From Proposition 1 in [35]): With Assumptions 1.1, 6.1–6.3,
then

max
i=2,...,m

∫
U
(Zn,u, j (1 , i)−

√
n(µ2

1 (u)−µ
2
i (u)))φU (u)du

d−→ max
i=2,...,m

∫
U

Z1,i, j(u)φU (u)du

where Z1,i, j(u) is a zero mean Gaussian process with covariance Ci, j(u, u′)( j = 1
corresponds to rolling and j = 2 to recursive estimation schemes), equal to:

E(
∞

∑
j=−∞

((1{ys+1 ≤ u}−F1(u|Zs, θ
†
1 ))

2−µ
2
1 (u))× ((1{ys+ j+1 ≤ u′}

−F1(u′|Zs+ j, θ
†
1 ))

2−µ
2
1 (u
′)))+E(

∞

∑
j=−∞

((1{ys+1 ≤ u}−Fi(u|Zs, θ
†
i ))

2−µ
2
i (u))

× ((1{ys+ j+1 ≤ u′}−Fi(u′|Zs+ j, θ
†
i ))

2−µ
2
i (u
′)))−2E(

∞

∑
j=−∞

((1{ys+1 ≤ u}

−F1(u|Zs, θ
†
1 ))

2−µ
2
1 (u))× ((1{ys+ j+1 ≤ u′}−Fi(u′|Zs+ j, θ

†
i ))

2−µ
2
i (u

′
)))

+4Π jmθ
†
1
(u)′A(θ †

1 )×E(
∞

∑
j=−∞

∇θ1 ln f1(ys+1|Zs, θ
†
1 )∇θ1 ln f1(ys+ j+1|Zs+ j, θ

†
1 )
′)

×A(θ †
1 )mθ

†
1
(u′)+4Π jmθ

†
i
(u)′A(θ †

i )×E(
∞

∑
j=−∞

∇θi ln fi(ys+1|Zs, θ
†
i )

×∇θi ln fi(ys+ j+1|Zs+ j, θ
†
i )
′)×A(θ †

i )mθ
†
i
(u′)−4Π jmθ

†
1
(u, )′A(θ †

1 )

×E(
∞

∑
j=−∞

∇θ1 ln f1(ys+1|Zs, θ
†
1 )∇θi ln fi(ys+ j+1|Zs+ j×A(θ †

i )mθ
†
i
(u′)

1 We require that for j = 1, ..., pi, E(∇θ Fi(u|Zt ,θ †
i )) j ≥ Dt(u), with supt supu∈ℜ E(Dt(u)2r)< ∞.
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−4CΠ jmθ
†
1
(u)′A(θ †

1 )×E(
∞

∑
j=−∞

∇θ1 ln f1(ys+1|Zs, θ
†
1 )× ((1{ys+ j+1 ≤ u}

−F1 (u|Zs+ j, θ
†
1 ))

2−µ
2
1 (u)))+4CΠ jmθ

†
1
(u)′A(θ †

1 )×E(
∞

∑
j=−∞

∇θ1 ln f1(ys+1|Zs, θ
†
1 )

×((1{ys+ j+1 ≤ u}−Fi(u|Zs+ j, θ
†
i ))

2−µ
2
i (u)))−4CΠ jmθ

†
i
(u)′A(θ †

i )

×E(
∞

∑
j=−∞

∇θi ln fi(ys+1|Zs,θ †
i )
′× ((1{ys+ j+1 ≤ u}−Fi(u|Zs+ j, θ

†
i ))

2−µ
2
i (u)))

+4CΠ jmθ
†
i
(u)′A(θ †

i )×E(
∞

∑
j=−∞

∇θi ln fi(ys+1|Zs, θ
†
i )
′× ((1{ys+ j+1 ≤ u}

−F1(u|Zs+ j, θ
†
1 ))

2−µ
2
1 (u)))

with
m

θ
†
i
(u)′ = E(∇θiFi(u|Zt , θ

†
i )
′(1{yt+1 ≤ u}−Fi(u|Zt , θ

†
i )))

and
A(θ †

i ) = A†
i = (E(−∇

2
θi

ln fi(yt+1|Zt , θ
†
i )))

−1

and for j = 1 and n≤R, Π1 =(π− π2

3 ) , CΠ1 =
π

2 , and for n>R, Π1 =(1− 1
3π
) and

CΠ1 = (1− 1
2π
). Finally, for j = 2, Π2 = 2(1−π−1 ln(1+π)) and CΠ2 = 0.5Π2.

From this proposition, note that when all competing models provide an approx-
imation to the true conditional distribution that is as (mean square) accurate as
that provided by the benchmark (i.e. when

∫
U (µ

2
1 (u)−µ2

i (u))φ(u)du = 0,∀i), then
the limiting distribution is a zero mean Gaussian process with a covariance ker-
nel which is not nuisance parameter free. Additionally, when all competitor models
are worse than the benchmark, the statistic diverges to minus infinity at rate

√
n.

Finally, when only some competitor models are worse than the benchmark, the lim-
iting distribution provides a conservative test, as ZP will always be smaller than
maxi=2,...,m

∫
U (Zn,u (1, i)−

√
n(µ2

1 (u)−µ2
i (u)))φ(u)du, asymptotically. Of course,

when HA holds, the statistic diverges to plus infinity at rate
√

n.
For the case of evaluation of multiple conditional confidence intervals, consider

the statistic:
Vn,τ = max

i=2,...,m
Vn,u,u,τ(1, i)

where

Vn,u,u,τ(1, i) =
1√
n

T−1

∑
t=R

((1{u≤ yt+1 ≤ u}− (F1(u|Zt , θ̂1,t,τ)

−F1(u|Zt , θ̂1,t,τ)))
2− (1{u≤ yt+1 ≤ u}− (Fi(u|Zt , θ̂i,t,τ)−Fi(u|Zt , θ̂i,t,τ)))

2)

where s = max{s1, s2},τ = 1,2, and θ̂i,t,τ = θ̂i,t,rol for τ = 1 , and θ̂i,t,τ = θ̂k,t,rec for
τ = 2.
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We then have the following result,

PROPOSITION 6.2 (From Proposition lb in [35]): With Assumptions 1.1, 6.1–6.3,
then for τ = 1,

max
i=2,...m

(Vn,u,u,τ (1 , i) −
√

n(µ2
1 −µ

2
i ))

d−→ max
i=2,...m

Vn,i,τ(u, u)

where Vn,i,τ(u, u) is a zero mean normal random variable with covariance cii =
vii + pii + cpii, where vii denotes the component of the long-run variance matrix we
would have in absence of parameter estimation error, pii denotes the contribution of
parameter estimation error and cpii denotes the covariance across the two compo-
nents. In particular:

vii = E
∞

∑
j=−∞

(((1{u≤ ys+1 ≤ u}− (F1(u|Zs, θ
†
1 )−F1(u|Zs, θ

†
1 )))

2−µ
2
1 )

× ((1{u≤ ys+1+ j ≤ u}− (F1(u|Zs+ j, θ
†
1 )−F1(u|Zs+ j, θ

†
1 )))

2−µ
2
1 ))

+E
∞

∑
j=−∞

(((1{u≤ ys+1 ≤ u}− (Fi(u|Zs, θ
†
i )−Fi(u|Zs, θ

†
i )))

2−µ
2
i )

× ((1{u≤ ys+1+ j ≤ u}− (Fi(u|Zs+ j, θ
†
i )−Fi(u|Zs+ j, θ

†
i )))

2−µ
2
i ))

−2E
∞

∑
j=−∞

(((1{u≤ ys+1 ≤ u}− (F1(u|Zs, θ
†
1 )−F1(u|Zs, θ

†
1 )))

2−µ
2
1 )

× ((1{u≤ ys+1+ j ≤ u}− (Fi(u|Zs+ j, θ
†
i )−Fi(u|Zs+ j,θ †

i )))
2−µ

2
i ))

Also,

pii = 4m′
θ

†
1
A(θ †

1 )E(
∞

∑
j=−∞

∇θ1 ln fi(ys+1|Zs, θ
†
1 )∇θ1 ln fi(ys+1+ j|Zs+ j, θ

†
1 )
′)×A(θ †

1 )mθ
†
1

+4m′
θ

†
i
A(θ †

i )E(
∞

∑
j=−∞

∇θi ln fi(ys+1|Zs, θ
†
i )∇θi ln fi(ys+1+ j|Zs+ j, θ

†
i )
′)×A(θ †

i )mθ
†
i

−8m′
θ

†
1
A(θ †

1 )E(∇θ1 ln f1(ys+1|Zs, θ
†
1 )∇θi ln fi(ys+1+ j|Zs+ j, θ

†
i )
′)×A(θ †

i )mθ
†
i

Finally,

cpii =−4m′
θ

†
1
A(θ †

1 )E(
∞

∑
j=−∞

∇θ1 ln f1(ys+1|Zs, θ
†
1 )

× ((1{u≤ ys+ j ≤ u}− (F1(u|Zs+ j, θ
†
1 )−F1(u|Zs+ j, θ

†
1 )))

2−µ
2
1 )

+8m′
θ

†
1
A(θ †

1 )E(
∞

∑
j=−∞

∇θ1 ln f1(ys|Zs, θ
†
1 )
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× ((1{u≤ ys+1+ j ≤ u}− (Fi(u|Zs+ j,θ †
i )−Fi(u|Zs, θi)))

2−µ
2
i ))

−4m′
θ

†
i
A(θ †

i )E(
∞

∑
j=−∞

∇θi ln fi(ys+1|Zs, θ
†
i )

× ((1{u≤ ys+ j ≤ u}− (Fi(u|Zs+ j, θ
†
i ) −Fi(u|Zs+ j, θ

†
i )))

2−µ
2
i ))

with
m′

θ
†
i
= E(∇θi(Fi(u|Zt , θ

†
i ) −Fi(u|Zt , θ

†
i ))

× (1{u≤ yt ≤ u}− (Fi(u|Zt , θ
†
i )−Fi(u|Zt , θ

†
i ))))

and
A(θ †

i ) = (E(− ln∇
2
θi

fi(yt |Zt , θ
†
i )))

−1

An analogous result holds for the case where τ = 2, and is omitted for the sake of
brevity.

Due to the contribution of parameter estimation error, simulation error, and the
time series dynamics to the covariance kernel (see Proposition 6.1), critical values
cannot be directly tabulated. As a result, block bootstrap techniques are used to con-
struct valid critical values for statistical inference. In order to show the first order
validity of the bootstrap, the authors derive the limiting distribution of appropriately
formed bootstrap statistics and show that they coincide with the limiting distribu-
tion given in Proposition 6.1. Recalling that as all candidate models are potentially
misspecified under both hypotheses, the parametric bootstrap is not generally ap-
plicable in our context. Instead, we must begin by resampling b blocks of length
l,bl = T − 1. Let Y∗t = (∆ logX∗t , ∆ logX∗t−1) be the resampled series, such that
Y∗2,..., Y∗l+1, Y ∗l+2,..., Y ∗T−l+2,..., Y∗T equals YI1+1,..., YI1+l , YI2+1,..., YIb+1,..., YIb+T ,
where I j, i = 1,..., b are independent, discrete uniform random variates on 1,...,
T −1+1. That is, I j = i, i = 1,..., T − l with probability 1/(T − l). Then, use Y ∗t to
compute θ̂ ∗j,T and plug in θ̂ ∗j,T in order to simulate a sample under model j, j = 1,...,

m. Let Y j,n(θ̂
∗
j,T ), n = 2,..., S denote the series simulated in this manner. At this

point, we need to distinguish between the case where δ = 0 (vanishing simulation
error) and δ > 0 (non-vanishing simulation error). In the former case, we do not
need to resample the simulated series, as there is no need to mimic the contribution
of simulation error to the covariance kernel. On the other hand, in the latter case we
draw b̃ blocks of length l̃ with b̃l = S−1 , and let Y∗j,n(θ̂

∗
j,T ) , j = 1,..., m, n = 2,..., S

denote the resampled series under model j. Notice that Y ∗j,2(θ̂
∗
j,T ),..., Y∗j,l+1(θ̂

∗
j,T ),...,

Y∗j,S(θ̂
∗
j,T ) is equal to Yj,Ĩ1

(θ̂ ∗j,T ),..., Yj,Ĩ1+l(θ̂
∗
j,T ) ..., Yj,Ĩb1+l(θ̂

∗
j,T ) where Ĩi, i = 1,...,

b̃ are independent discrete uniform random variates on 1,..., S− l̃. Also, note that
for each of the m models, and for each bootstrap replication, we draw b̃ discrete
uniform random variates (the Ĩi) on 1, . . . , S− l̃, and that draws are independent
across models. Thus, in our use of notation, we have suppressed the dependence of
Ĩi on j.

Thereafter, form bootstrap statistics as follows:
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Z∗n,τ = max
i=2,...m

∫
U

Z∗n,u,τ(1, i)φ(u)du,

where for τ = 1 (rolling estimation scheme), and for τ = 2 (recursive estimation
scheme):

Z∗n,u,τ(1, i) =
1√
n

T−1

∑
t=R

(((1{y∗t+1 ≤ u}−F1(u|Z∗,t θ̃ ∗1,t,τ))2

− (1{y∗t+1 ≤ u}−Fi(u|Z∗,t θ̃ ∗i,t,τ))2)

− 1
T

T−1

∑
j=s+1

((1{y j+1 ≤ u}−F1(u|Zi, θ̂1,t,τ))
2− (1{y j+1 ≤ u}−Fi(u|Z j, θ̂i,t,τ))

2))

Note that each bootstrap term, say 1{y∗t+1 ≤ u}−Fi(u|Z∗,t , θ̃ ∗i,t,τ) , t ≥ R, is re-
centered around the (full) sample mean 1

T ∑
T−1
j=s+1(1{y j+1 ≤ u}−Fi (u|Z j , θ̂i,t,τ))

2.
This is necessary as the bootstrap statistic is constructed using the last n resampled
observations, which in turn have been resampled from the full sample. In particular,
this is necessary regardless of the ratio n/R. If n/R→ 0, then we do not need to
mimic parameter estimation error, and so could simply use θ̂1,t,τ instead of θ̃ ∗1,t,τ ,
but we still need to recenter any bootstrap term around the (full) sample mean.

Note that re-centering is necessary, even for first order validity of the bootstrap, in
the case of over-identified generalized method of moments (GMM) estimators [see,
e.g., [36], [37], [38], [39]]. This is due to the fact that, in the over-identified case, the
bootstrap moment conditions are not equal to zero, even if the population moment
conditions are. However, in the context of m-estimators using the full sample, re-
centering is needed only for higher order asymptotics, but not for first order validity,
in the sense that the bias term is of smaller order than T−1/2. Namely, in the case
of recursive m-estimators the bias term is instead of order T−1/2 and so it does
contribute to the limiting distribution. This points to a need for re-centering when
using recursive estimation schemes.

For the confidence interval case, define:

V ∗n,τ = max
i=2,...m

,V ∗nu,u,τ
(1, i)

and

V ∗n,u,u,τ(1, i) =
1√
n

T−1

∑
t=R

((1{u≤ y∗t+1 ≤ u}− (F1(u|Z∗t , θ̃ ∗1,t,τ)−F1(u|Z∗t , θ̃ ∗1,t,τ)))2

− (1{u≤ y∗t+1 ≤ u}− (Fi(u|Z∗t , θ̃ ∗i,t,τ)−F1(u|Z∗t , θ̃ ∗i,t,τ)))2)

− 1
T

T−1

∑
j=s+1

((1{u≤ yi+1 ≤ u}− (F1(u|Z j, θ̂1,t,τ)−F1(u|Z j, θ̂1,t,τ)))
2
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− (1{u≤ y j+1 ≤ u}− (Fi(u|Z j, θ̂i,t,r)−F1(u|Z j, θ̂i,t,τ)))
2)

where, as usual, τ = 1,2. The following results then hold,

PROPOSITION 6.3 (From Proposition 6 in [35]): With Assumptions 1.1, 6.1–6.3,
also, assume that as T → ∞, l→ ∞, and that l

T 1/4 → 0. Then, as T,n and R→ ∞, for
τ = 1,2:

Pr (sup
v∈ℜ

|
∗

Pr
T
( max

i=2,...m

∫
U

Z∗n,u,τ(1 , i)φ(u)du≤ v)

−Pr ( max
i=2,...,m

∫
U

Zµ

n,u,τ (1 , i)φ(u)du≤ v)|> ε) → 0,

where Zµ

n,u,τ(1, i) = Zn,u,τ(1, i)−
√

n(µ2
1 (u)−µ2

i (u)), and where µ2
1 (u)−µ2

i (u) is
defined as in Equation (7).

PROPOSITION 6.4 (From Proposition 7 in [35]): With Assumptions 1.1, 6.1–6.3,
also assume that as T → ∞, l→ ∞, and that l

T 1/4 → 0. Then, as T,n and R→ ∞, for
τ = 1,2:

Pr (sup
v∈ℜ

|
∗

Pr
T
( max

i=2,...m
,V ∗n,u,u,τ(1, i) ≤ v)

−Pr ( max
i=2,...m

,V µ

n,u,u,τ (1, i)≤ v)| > ε) → 0

where V µ

n,u,u,τ(1 , i) =Vn,u,u,τ(1 , i)−
√

n(µ2
1 (u)−µ2

i (u)).

The above results suggest proceeding in the following manner. For brevity, con-
sider the case of Z∗n,τ . For any bootstrap replication, compute the bootstrap statistic,
Z∗n,τ . Perform B bootstrap replications (B large) and compute the quantiles of the
empirical distribution of the B bootstrap statistics. Reject H0, if Zn,τ is greater than
the (1 −α)th-percentile. Otherwise, do not reject. Now, for all samples except a set
with probability measure approaching zero, Zn,τ has the same limiting distribution as
the corresponding bootstrapped statistic when E(µ2

1 (u) − µ2
i (u)) = 0,∀i, ensuring

asymptotic size equal to α . On the other hand, when one or more competitor mod-
els are strictly dominated by the benchmark, the rule provides a test with asymptotic
size between 0 and α . Under the alternative, Zn,τ diverges to (plus) infinity, while the
corresponding bootstrap statistic has a well defined limiting distribution, ensuring
unit asymptotic power.

From the above discussion, we see that the bootstrap distribution provides cor-
rect asymptotic critical values only for the least favorable case under the null hy-
pothesis; that is, when all competitor models are as good as the benchmark model.
When maxi=2,...,m

∫
U (µ

2
1 (u)−µ2

i (u))φ(u)du= 0, but
∫

U (µ
2
1 (u)−µ2

i (u))φ(u)du< 0
for some i, then the bootstrap critical values lead to conservative inference. An al-
ternative to our bootstrap critical values in this case is the construction of critical
values based on subsampling, which is briefly discussed in Section 4.3. Heuristi-
cally, construct T −2bT statistics using subsamples of length bT , where bT/T → 0.
The empirical distribution of these statistics computed over the various subsamples



30 Mingmian Cheng, Norman R. Swanson and Chun Yao

properly mimics the distribution of the statistic. Thus, subsampling provides valid
critical values even for the case where maxi=2,...,m

∫
U (µ

2
1 (u) − µ2

i (u))φ(u)du = 0,
but

∫
U (µ

2
1 (u) − µ2

i (u))φ(u)du < 0 for some i. This is the approach used by [40],
for example, in the context of testing for stochastic dominance. Needless to say,
one problem with subsampling is that unless the sample is very large, the em-
pirical distribution of the subsampled statistics may yield a poor approximation
of the limiting distribution of the statistic. Another alternative approach for ad-
dressing the conservative nature of our bootstrap critical values is the Hansen’s
SPA approach (see Section 4.2 and [13]). Hansen’s idea is to recenter the boot-
strap statistics using the sample mean, whenever the latter is larger than (minus)
a bound of order

√
2T log logT . Otherwise, do not recenter the bootstrap statis-

tics. In the current context, his approach leads to correctly sized inference when
maxi=2,...,m

∫
U (µ

2
1 (u) −µ2

i (u))φ(u)du = 0, but
∫

U (µ
2
1 (u) − µ2

i (u))φ(u)du < 0 for
some i. Additionally, his approach has the feature that if all models are characterized
by a sample mean below the bound, the null is “accepted” and no bootstrap statistic
is constructed.
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Part III: Forecast Evaluation Using Density Based Predictive
Accuracy Tests That Are Not Loss Function Dependent: The
Case of Stochastic Dominance

All predictive accuracy tests outlined in previous two parts of this chapter are loss
functions dependent, i.e. loss functions such as mean squared forecast error (MSFE)
and mean absolute forecast error (MAFE) must be specified prior to test construc-
tion. Evidently, given possible misspecification, model rankings may change under
different loss functions. In the following section, we introduce a novel criterion for
forecast evaluation that utilizes the entire distribution of forecast errors, is robust to
the choice of loss function, and ranks distributions of forecast errors via stochastic
dominance type tests.

7 Robust forecast comparison

[41] (JCS) introduce the concepts of general-loss (GL) forecast superiority and
convex-loss (CL) forecast superiority and develop tests for GL (CL) superiority that
are based on an out-of-sample generalization of the tests introduced by [42]. The
JCS tests evaluate the entire forecast error distribution and do not require knowledge
or specification of a loss function, i.e. tests are robust to the choice of loss function.
In addition, parameter estimation error and data dependence are taken into account,
and heterogeneity that is induced by distributional change over time is allowed for.

The concepts of general-loss (GL) forecast superiority and convex-loss (CL)
forecast superiority are defined as follow:

(1) For any two sequences of forecast errors u1,t and u2,t , u1,t general-loss (GL)
outperforms u2,t , denoted as u1�G u2, if and only if E(g(u1,t))≤E(g(u2,t)), ∀g(·)∈
GL(·), where GL(·) are the set of general loss functions with properties specified in
[43]; and

(2) u1,t convex-loss (CL) outperforms u2,t , denoted as u1 �C u2, if and only if
E(g(u1,t))≤ E(g(u2,t)), ∀g(·) ∈CL(·), where CL(·) are the set of general loss func-
tions which in addition are convex.

These authors also establish linkages between GL(CL) forecast superiority and
first(second) order stochastic dominance, allowing for the construction of direct tests
for GL(CL) forecast superiority. Define

G(x) = (F2(x)−F1(x))sgn(x),

where sgn(x) = 1, if x ≥ 0, and sgn(x) = −1, if x < 0. Here, Fi(x) denotes the
cumulative distribution function (CDF) of ui, and

C(x) =
∫ x

−∞

(F1(t)−F2(t))dt1{x<0}+
∫

∞

x
(F2(t)−F1(t))dt1{x≥0}
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Assumption 7.1: g(·) : ℜ→ ℜ+ is continuously differentiable, except for finitely
many points, with derivative ∇g(·), such that ∇g(z) ≤ 0, ∀z ≤ 0 and ∇g(z) ≥ 0,
∀z≥ 0.

PROPOSITION 7.1 (From Propositions 2.2 and 2.3 in [41]): With Assumption 7.1,
E(g(u1,t))≤E(g(u2,t)), ∀g(·)∈GL(·), if and only if G(x)≤ 0, ∀x∈X , where X is
the union of the supports of all forecast errors. Further, if

∫ x
−∞

(F1(t)−F2(t))dt1{x<0}
and

∫
∞

x (F2(t)−F1(t))dt1{x≥0} are well defined for each x ∈X , then E(g(u1,t)) ≤
E(g(u2,t)), ∀g(·) ∈CL(·) if and only if C(x)≤ 0, ∀x ∈X .

The above proposition establishes a clear mapping between GL (CL) forecast
superiority and first (second) order stochastic dominance. Intuitively, if we construct
a graph that contains a plot of G(x) against x. When u1 �G u2, we expect all points
lie below or on the zero line. Similarly, if we construct a graph that contains a plot
of C(x) against x. When u1 �C u2, we expect all points lie below or on the zero line
as well.

The hypotheses tested in JCS are:

H0 : max
i=1,...,m

E(g(u0,t+1)−g(ui,t+1))≤ 0

versus
HA : max

i=1,...,m
E(g(u0,t+1)−g(ui,t+1))> 0

Given Proposition 7.1, the above hypotheses can be restated as

HT G
0 = HT G−

0 ∩HT G+
0 :

(
max

i=1,...,m
(F0(x)−Fi(x))≤ 0, ∀x≤ 0

)
∩
(

max
i=1,...,m

(Fi(x)−F0(x))≤ 0, ∀x > 0
)

versus

HT G
A = HT G−

A ∪HT G+
A :

(
max

i=1,...,m
(F0(x)−Fi(x))> 0, for some x≤ 0

)
∪
(

max
i=1,...,m

(Fi(x)−F0(x))> 0, for some x > 0
)

for the case of GL forecast superiority. Similarly, for the case of CL forecast supe-
riority, we have that:

HTC
0 = HTC−

0 ∩HTC+
0 :

(
max

i=1,...,m

∫ x

−∞

(F0(x)−Fi(x))≤ 0, ∀x≤ 0
)

∩
(

max
i=1,...,m

∫
∞

x
(Fi(x)−F0(x))≤ 0, ∀x > 0

)
versus
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HTC
A = HTC−

A ∪HTC+
A :

(
max

i=1,...,m

∫ x

−∞

(F0(x)−Fi(x))> 0, for some x≤ 0
)

∪
(

max
i=1,...,m

∫
∞

x
(Fi(x)−F0(x))> 0, for some x > 0

)
Of note is that the above null (alternative) is the intersection (union) of two different
null (alternative) hypotheses because of a discontinuity at zero. The test statistics
for GL forecast superiority are constructed as follows:

T G+
n = max

i=1,...,k
sup

x∈X +

√
nĜi,n(x)

and
T G−n = max

i=1,...,k
sup

x∈X −

√
nĜi,n(x)

with
Ĝi,n(x) =

(
F̂0,n(x)− F̂i,n(x)

)
sgn(x)

where F̂i,n(x) denotes the empirical CDF of ui, with

F̂i,n(x) = n−1
T

∑
t=R

1{ui,t≤x}

Similarly, the test statistics for CL forecast superiority are constructed as follows:

TC+
n = max

i=1,...,k
sup

x∈X +

√
nĈi,n(x)

and
TC−n = max

i=1,...,k
sup

x∈X −

√
nĈi,n(x)

with

Ĉi,n(x) =
∫ x

−∞

(
F̂0,n(x)− F̂i,n(x)

)
dx1{x<0}−

∫
∞

x

(
F̂i,n(x)− F̂0,n(x)

)
dx1{x≥0}

=
1
n

n

∑
t=1

{
[(u0,t − x)sgn(x)]+− [(ui,t − x)sgn(x)]+

}
,

where [z]+ = max{0,z}.
Note that in order to reduce computation time, it may be preferable to construct

approximations to the suprema in statistics T G+, T G−, TC+ and TC− by taking
maxima over some smaller grid of points, XN = {x1, ...,xN}, where N < n. Theo-
retically, the distribution theory is unaffected by using this approximation, as the set
of evaluation points becomes dense in the joint support. We now require the follow-
ing assumptions.

Assumption 7.2: (i) {(yt ,Zt
i )
′} is a strictly stationary and α-mixing sequence with

mixing coefficient α(l) = O(l−C0), for some C0 > max{(q− 1)(q+ 1),1+ 2/δ},
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with i = 0, ...,m, where q is an even integer that satisfies q > 3(gmax + 1)/2. Here,
gmax = max{g0, ...,gm} and δ is a positive constant;
(ii) For i = 0, ...,m, fi(Zt

i ,θi) is differentiable a.s. with respect to θi in the neighbor-
hood Θ

†
i of θ

†
i , with sup

θ∈Θ
†
0
||∇θ fi(Zt

i ,θi)||2 < ∞;

(iii) The conditional distribution of ui,t given Zt
i has bounded density with respect to

the Lebesgue measure a.s., and ||ui,t ||2+δ < ∞, ∀i.

Assumption 7.2*: (i) {(yt ,Zt
i )
′} is a strictly stationary and α-mixing sequence with

mixing coefficient α(l) = O(l−C0), for some C0 > max{rq/(r−q),1+2/δ}, with
i = 0, ...,m, and r > q > gmax +1;
(ii) For i = 0, ...,m, fi(Zt

i ,θi) is differentiable a.s. with respect to θi in the neighbor-
hood Θ

†
i of θ

†
i , with sup

θ∈Θ
†
0
||∇θ fi(Zt

i ,θi)||r < ∞;

(iii) ||ui,t ||r < ∞, ∀i.

Assumption 7.3: ∀ i and t, θ̂i,t satisfies θ̂i,t−θ
†
i =Bi(t)Hi(t), where Bi(t) is a ni×Li

matrix and Hi(t) is Li×1, with the following:
(i) Bi(t)→ Bi a.s., where Bi is a matrix of rank ni;
(ii) Hi(t)= t−1

∑
t
s=1 hi,s, R−1

∑
t
s=t−R+1 hi,s and R−1

∑
R
s=1 hi,s for the recursive, rolling

and fixed schemes, respectively, where hi,s = hi,s(θ
†
i );

(iii) E(hi,s(θ
†
i ) = 0; and

(iv) ||hi,s(θ
†
i )||2+δ < ∞, for some δ > 0.

Assumption 7.4: (i) The distribution function of forecast errors, Fi(x,θi) is differ-
entiable with respect to θi in a neighborhood Θ

†
i of θ

†
i , ∀i;

(ii) ∀i, and ∀ sequences of positive constants {ξn : n ≥ 1}, such that ξn → 0,
supx∈X sup

θ : ||θ−θ
†
i ||≤ξn

||∇θ Fi(x,θ)sgn(x)− ∆
†
i (x)|| = O(ξ η

n ), for some η > 0,

where ∆
†
i (x) = ∇θ Fi(x,θ

†
i )sgn(x);

(iii) supx∈X ||∆
†
i (x)||< ∞,∀i.

Assumption 7.4*: (i) Assumption 5.4 (i) holds;
(ii) ∀i, and ∀ sequences of positive constants {ξn : n ≥ 1}, such that ξn → 0,
supx∈X sup

θ : ||θ−θ
†
i ||≤ξn

||∇θ{
∫ x
−∞

Fi(t,θ)dt1{x<0}+
∫

∞

x (1−Fi(x,θ))dt1{x≥0}}−Λ
†
i (x)||=

O(ξ η
n ), for some η > 0, where

Λ
†
i (x) = ∇θ{

∫ x

−∞

Fi(t,θ
†
i )dt1{x<0}+

∫
∞

x
(1−Fi(x,θ

†
i ))dt1{x≥0}};

(iii) supx∈X ||Λ
†
i (x)||< ∞,∀i.

Assumptions 7.2* and 7.4* are needed for testing HTC
0 . Note that the first and

third assumptions parallel those imposed by [42], with the uniform continuity con-
ditions in Assumptions 7.4 and 7.4* strengthened. Assumption 7.2 is needed in or-
der to verify the stochastic equicontinuity of the empirical process, for a class of
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bounded functions that appears in the T Gn test. Assumption 7.2* introduces a trade-
off between mixing sizes and moment conditions, and is used to verify the stochastic
equicontinuity result for the possibly unbounded functions that appear in the TCn
test. For further details, see [45]. Assumptions 7.4 and 7.4* differ in the amount
of smoothness required. For the CL forecast superiority test, less smoothness is re-
quired. Finally, it is worth stressing that Assumptions 7.3 and 7.5 are identical to
Assumptions 1 and 2 in [46], respectively.

PROPOSITION 7.2 (From Theorem 3.1 in [41]): (i) With Assumptions 4.3, 7.2–
7.4, under HT G−

0 ,

T G−n
d−→ max

i=1,...,m
sup

x∈Bg−
i

[g̃i(x)+∆i0(x)′Biυi0−∆10(x)′B1υ10], if T G− = 0

−→−∞, if T G− < 0

Under HT G+
0 ,

T G+
n

d−→ max
i=1,...,m

sup
x∈Bg+

i

[g̃i(x)+∆i0(x)′Biυi0−∆10(x)′B1υ10], if T G+ = 0

−→−∞, if T G+ < 0

where Bg−
i = {x∈X − : F0(x) = Fi(x)} and Bg+

i = {x∈X + : F0(x) = Fi(x)}, and(
g̃i(·),υi0,υ10

)′
is a mean zero Gaussian process with covariance function given by

Ω
g
i (x1,x2) = lim

T→∞
E

υ
g
i,n(x1,θ

†
i )−υ

g
0,n(x1,θ

†
0 )√

nH i,n√
nH0,n

υ
g
i,n(x2,θ

†
i )−υ

g
0,n(x2,θ

†
0 )√

nH i,n√
nH0,n

′

with H i,n = n−1
∑

T
t=R Hi(t), and υ

g
i,n(x,θ) is an empirical process defined as

υ
g
i,n(x,θ) =

1√
n

T

∑
t=R
{1{ui,t+τ (θ)≤x}−Fi(x,θ)}sgn(x)

(ii) With Assumptions 7.2*, 7.3, 7.4* and 7.5, under HTC−
0 ,

TC−n
d−→ max

i=1,...,m
sup

x∈Bc−
i

[c̃i(x)+Λi0(x)′Biυi0−Λ10(x)′B1υ10], if TC− = 0

−→−∞, if TC− < 0

Under HTC+

0 ,
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TC+
n

d−→ max
i=1,...,m

sup
x∈Bc+

i

[c̃i(x)+Λi0(x)′Biυi0−Λ10(x)′B1υ10], if TC+ = 0

−→−∞, if TC+ < 0

where Bc−
i = {x ∈ X − :

∫ x
−∞

(Fi(x)− F0(x))dx1{x<0}} and Bc+
i = {x ∈ X + :∫

∞

x (F0(x)− Fi(x))dx1{x≥0}}. Similarly,
(

c̃i(·),υi0,υ10

)′
is a mean zero Gaussian

process with covariance function given by

Ω
c
i (x1,x2) = lim

T→∞
E

υc
i,n(x1,θ

†
i )−υc

0,n(x1,θ
†
0 )√

nH i,n√
nH0,n

υc
i,n(x2,θ

†
i )−υc

0,n(x2,θ
†
0 )√

nH i,n√
nH0,n

′

where υc
i,n(x,θ) is an empirical process defined as

υ
c
i,n(x,θ) =

1√
n

T

∑
t=R

{∫ x

−∞

[1{ui,t+τ (θ)≤s}−Fi(s,θ)]ds1{x<0}

−
∫

∞

x
[1{ui,t+τ (θ)≤s}−Fi(s,θ)]ds1{x≥0}

}

The asymptotic null distributions of T G+
n (T G−n ) and TC+

n (TC−n ) depend on the
true model parameters and the distribution functions, Fi(·), i = 1, ...,m, which im-
plies that the asymptotic critical values for T G+

n (T G−n ) and TC+
n (TC−n ) cannot be

tabulated. Therefore, the stationary bootstrap is used to approximate the asymptotic
null distributions of our test statistics. (Note that the block bootstrap can also be
used, as discussed in subsequent research by Corradi, Sin and Swanson.) The objec-
tive is to utilize bootstrap procedure that mimics the asymptotic null distribution in
the least favorable case, where F0(x) = ...= Fm(x), ∀x ∈X .

Define the bootstrap statistic as:

T G∗+n = max
i=1,...,k

sup
x∈X +

√
n
(

Ĝ∗i,n(x)− Ĝi,n(x)
)

with
Ĝ∗i,n(x) =

(
F̂∗0,n(x)− F̂∗i,n(x)

)
sgn(x)

where F̂∗i,n(x) denotes the empirical CDF of resampled ui, i.e. u∗i . T G∗−n , TC∗+n and
TC∗−n can be defined analogously.

Assumption 7.6: The smoothing parameter, Sn, determining the mean block length
in stationary bootstrap satisfies 0 < Sn < 1, Sn→ 0 and nS2

n→ ∞, as n→ ∞.

Assumption 7.7: For any arbitrary ni×1 vector, λi, with λ
′
i λi = 1, and ∀i, we have

(i)



Forecast Evaluation 37

Pr
[

limsup
t≥R

n1/2 |λ ′i (θ̂i,t −θ
†
i )|

(λ
′
i Σiλiloglog(λ ′i Σiλi)n)1/2

= 1
]
= 1

for the recursive scheme, where Σi = Bi[limT→∞ Var(n−1/2
∑

T
t=R+1 Hi(t))]B

′
i.

(ii)

Pr
[

limsup
t≥R

R1/2 |λ ′i (θ̂i,t −θ
†
i )|

(λ
′
i Σiλiloglog(λ ′i Σiλi)R)1/2

= 1
]
= 1

for the rolling scheme, where Σi = Bi[limT→∞ Var(R−1/2
∑

T
t=R+1 Hi(t))]B

′
i.

PROPOSITION 7.3 (From Corollary 3.3 in [41]): With Assumptions 7.2–7.4, 7.6
and 7.7, and that (n/R)loglogR→ 0, as T → ∞, then

ρ

(
L[ max

i=1,...,m
sup

x∈X +

√
n(Ĝ∗i,n(x)− Ĝi,n(x))|U1, ...,UT+τ ],

L[ max
i=1,...,m

sup
x∈X +

√
n(Ĝi,n(x)−Gi(x))]

)
n−→ 0

and

ρ

(
L[ max

i=1,...,m
sup

x∈X −

√
n(Ĝ∗i,n(x)− Ĝi,n(x))|U1, ...,UT+τ ],

L[ max
i=1,...,m

sup
x∈X −

√
n(Ĝi,n(x)−Gi(x))]

)
n−→ 0

where ρ is any metric metrizing weak convergence, L[·] denotes the probabil-
ity law of the corresponding Hilbert space valued random variable, and Ut =
(yt ,Zt

0, ...,Z
t
m)
′.

Therefore, the asymptotic null distribution of T G+
n (T G−n ) can be approximated

by T G∗+n −T G+
n (T G∗−n −T G−n ). Arguments in favor of using the stationary boot-

strap with TC+
n and TC−n are similar.

To conduct inference, use the following approach due to [44]. Define qG+

n,Sn
(1−α)

and qG−
n,Sn

(1−α) to be the (1−α)-th sample quantile of T G∗+n and T G∗−n , respec-

tively. Then, estimate bootstrap p-values, pG+

B,n,Sn
= 1

B ∑
B
s=1(T G∗+n ≥ T G+

n ), and fi-
nally use the following rules.

Rule TG: Reject HT G
0 at level α , if min

{
pG+

B,n,Sn
, pG−

B,n,Sn

}
≤ α/2;

Rule TC: Reject HT G
0 at level α , if min

{
pC+

B,n,Sn
, pC−

B,n,Sn

}
≤ α/2;

Note that Holm bounds are equivalent to Bonferroni bounds when there are only
two hypotheses. From Proposition 7.3, it follows immediately that this test,when
implemented using the stationary bootstrap, has asymptotically correct size only in
the least favorable case, under the null, and is asymptotically biased towards certain
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local alternatives.

PROPOSITION 7.4 (From Theorem 4.1 in [41]): With Assumptions 4.3, 7.2–7.4,
under HT G

A ,
Pr(T G+

n > qG+

n,Sn
(1−α))→ 1, as T → ∞

and
Pr(T G−n > qG−

n,Sn
(1−α))→ 1, as T → ∞

The above proposition ensures unit asymptotic power under the alternative. Sim-
ilar arguments apply to TC+

n and TC−n as well. For details of the power of T G+
n

(T G−n ) and TC+
n (TC−n ) tests against a sequence of contiguous local alternatives

converging to the null, at rate n−1/2, see [41].
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